The binary control protocols are proposed for synchronization of networked Lagrangian systems with/without tracking. These protocols are inspired by the observed behavior in animal groups, where relative motion is determined not by full time-signal measurements, but by coarse estimates of relative heading differences between neighbors. The signum protocol does not require explicit measurement of time signals from neighbors, and hence it has the potential to significantly reduce the requirements for both computation and sensing. In the case that there exists a time-varying control node in the networked Lagrangian systems, the finite-time tracking control is achieved by using the signum protocol. Numerical examples are given to illustrate the theoretical results.
INTRODUCTION
Most recently, there has been a considerable recognition of the need for synchronizing distributed equipments across wider areas, in particular given major breakthrough in new cost-effective and advanced instrumentation and communication equipments. Indeed, coordination of distributed groups of electromechanical systems finds applications in various fields of engineering, including hazardous material handling, exploration, environmental monitoring, and industrial process control. Due to this engineering motivation, distributed controls of large groups of dynamic systems have attracted a great deal of attention from the control community (e.g., Jadbabaie, Lin, & Morse (2003) ; Olfati-Saber, Fax, & Murray (2007) ; Chopra & Spong (2006) ; Ren, Beard, & Atkins (2007) ; Martinez, Cortes, & Bullo (2007) ; Qu (2009) ).
The design of distributed communication and control protocols is an important issue in the constructing of networked systems. One typical protocol is the neighborbased linear consensus protocol (Jadbabaie, Lin, & Morse (2003) ; Olfati-Saber & Murray (2004) ). This protocol achieves consensus over an infinite-time horizon with exponential convergence. Cortés (2006) introduced the normalized and signed gradient flows of a differential function and used these algorithms to solve the finite-time consensus problem. Hui, Haddad, & Bhat (2009) introduced the notion of finite-time semistability for Filippov dynamical systems and applied it to analyze the network consensus problem. The finite-time consensus tracking control problem was studied in Khoo, Xie, & Man (2009) 
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Recently, some attempts have been made to study the cooperative control of networked nonlinear Lagrangian systems. Chopra & Spong (2006) proposed a passivity-based design framework for the coordination and synchronization of multiple nonlinear systems, which can be applied to the general problem of synchronization of multiple Lagrangian systems. Rodriguez-Angeles & Nijmeijer (2004) studied the position synchronization problem for a group of manipulator robots. There, all-to-all couplings were discussed. In Chung & Slotine (2009) , contraction analysis method was used to study the synchronization problems of Lagrangian systems. The achieved results were suitable for the bidirectional or directed ring communication topology. Ren (2009) presented some distributed consensus algorithms for the networked Lagrangian systems. The case of undirected communication topology was discussed.
The synchronization phenomenon in nature is ubiquitous. For example, the synchronization of hundreds of fireflies is always fascinating. In fact, for each firefly, there exist two states: turning on or off of its photic organ. In human society, before achieving an agreement on a matter, the opinions between any two peoples are either agree or disagree, which means there exist two different cases: trust or distrust each other. Inspired by these facts, it is of particular interest to consider the achievement of synchronization by the feedback controls which use only the binary signals of the relative measurement information of neighboring agents. In this paper, our aim is to provide a systematic way of designing and analyzing the binary control algorithms for groups of dynamic systems, such as manipulator robots, ships, underwater vehicles, helicopters, satellites, etc. It is well known that Euler-Lagrange equations are usually used to describe the motion equations of this class of dynamics systems. Differently from the protocols given in Cortes (2006) which need the signed gradient flows, the protocols in this paper only require the sign information of relative measurement signals with neighboring agents. As such, these signum protocols require only single bit quantized information between neighbors. The work in Hui, Haddad, & Bhat (2009) allows analysis of similar protocols, but only a second order example with signum protocol was shown and the analysis was on a multiple case basis. Differently from the control algorithms given in Chopra & Spong (2006) , Rodriguez-Angeles & Nijmeijer (2004) , and Ren (2009) , the cooperative binary control algorithms are employed in this paper. Our development is suitable for the directed graph which has a spanning tree. In the case that there exists a timevarying control node in the networked Lagrangian systems, the finite-time tracking control is achieved by using the binary control protocol. The signum protocol does not require explicit measurement of time signals from neighbors, and hence it has the potential to significantly reduce the requirements for both computation and sensing.
The contents of the paper are as follows. Section 2 introduces the graph theory and the non-smooth analysis tools. In Section 3, we present the binary control protocol. In section 4, we develop the synchronization algorithm for the networked Lagrangian systems by using the binary control protocol. The finite-time tracking control algorithms are given in Section 5. In section 6, examples are presented to illustrate the proposed strategy. Finally, conclusions are presented in section 7. 
A directed tree is a directed graph, where every node, except the root, has exactly one parent. A spanning tree of a digraph is a directed tree that connects all the nodes of the graph. When a control node exists, it has to be the root of a directed spanning tree.
Differential Inclusions
Consider the vector differential equation given by ( )
where
is Lebesgue measurable and locally essentially bounded. A Filippov solution (Filippov (1988) ) of (1) on an interval 0 1
[ , ] t t is defined to be an absolutely continuous function : z (1) is a maximal solution if it can not be extended further in time. A set M is weakly invariant (resp. strongly invariant) with respect to (1) if, for every 0 z M ∈ , M contains a maximal solution (resp. all maximal solutions) of (1).
Let :
The function V is said to be regular at
, the usual right directional derivative of V at z in the direction of w exists, and
Let f S be the set of measure zero where the gradient of V
where S is an arbitrary set of measure zero in m R .
The set-valued Lie derivative of V with respect to (2) is defined as
BINARY CONTROL PROTOCOL
The binary control protocol is introduced in this section. To simplify the exposition, we first focus on a group of singleintegrator agents. The applications of binary control protocol in synchronization of networked Lagrangian systems will be discussed in the following section.
Consider a system consisting of n agents. Each agent has the dynamics given by
where m i x R ∈ is the state of the i th agent, and
Suppose that each agent of the system (3) is required to synchronize onto a homogeneous stationary state given by ( , , , )
Since i u is discontinuous, the solutions in this paper are understood in the Filippov sense (Filippov (1988) ). Define the error vector
According to (3), (5) and (7), one has sgn( ) sgn( )
A Filippov solution of (8) 
where ( ) SGN ⋅ is defined component-wise for a vector.
Before proceeding, we need the following Lemmas.
Lemma 1. For bidirectional network, one has
Since the graph is bidirectional, one has
The following result is an invariance principle for discontinuous dynamics systems (Bacciotti & Ceragioli (1999) 
and let ψ be the largest weakly According to the properties of map K (Paden & Sastry (1987) ), one has :
e e e R e i n ψ = ∈ = ≤≤ . By Lemma 2, one can get that the networked systems achieve controlled consensus asymptotically. ■
SYNCHRONIZING NETWORKED LAGRANGIAN SYSTEMS
In this section, we consider the applications of the above binary control protocol in synchronization of networked Lagrangian systems. Consider the networked Lagrangian systems with dynamics ( ) ( , ) ( ) In what follows, the proposed control input i τ for each Lagrangian system i is of the form
where i v denotes the local feedback control term given as
and i u denotes the cooperative control term designed as
with the positive-definite diagonal matrix Λ and ( ) (( sgn( )) , ( sgn( )) , ,
The following Lemma is required in the subsequent analysis.
Lemma 3. [Desoer & Vidyasagar (1975) 
According to the properties of map K (Paden & Sastry (1987) ), one has 
In light of Lemma 3, we know that the networked Lagrangian systems synchronize asymptotically. ■
FINITE-TIME TRACKING CONTROL
The tracking control problem is usually confronted in the process industries. According to the technical requirement, multiple actuators are usually cascaded together and required to achieve tracking control. The typical examples are rolling mills and paper industries. The reliability and precision of the products are closely related to the synchronization performance of the actuators. The cascaded configuration is constructed so that the previous actuator can transmit the reference speed to the follower actuators. In this scenario, the communication topology is a directed tree. Inspired by these industrial applications, we discuss the following finite time tracking control problem.
The dynamics of the mechanical systems are given by (11). The target system is indexed by 0. The following assumption facilitates the development of the subsequent results. 
and 
,2 0 i i e= − .
According to (11), (18), and (20)- (22) 
t . By repeating the above procedure, the claim follows. ■
EXAMPLE
As an example of networked Lagrangian systems, a group of robot manipulators are considered in this section. For ease of plotting, we simulate a multi-manipulator systems composed of four two-link revolute manipulators. The profile of the two-link planar manipulator is shown in Fig. 1 . The dynamic model of two-link revolute manipulator is given in Lewis, Jagannathan, & Yesildirek (1998) .
Here, we consider a leader labeled as 0 and four follower two-link revolute manipulators. The communication topology is shown in Fig. 2 , where the leader information is available only to follower 1. Suppose the leader dynamics are show the results of the proposed finite-time control algorithm (19). It is seen that the followers can track the time-varying leader in a finite time. In this paper, we proposed a binary control protocol for synchronization of networked dynamical systems. Compared with other consensus algorithms which need information about the complete state or output time functions of neighbors, the proposed algorithm only required sign information of the difference between the node's state and that of its neighbors. The signum protocols were used to synchronize the networked Lagrangian systems. In the case that there exists a time-varying control node in the networked Lagrangian systems, the finite-time tracking control can be achieved by using the binary protocol. By using the networked two-link manipulator systems, we illustrated the binary control algorithms derived in this paper.
